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Abstract 
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clarify the relation to the effective action for chiral Ginsparg- Wilson 
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1 Introduction 



It has become clear recently that the gauge interaction of the Weyl fermions 
can be described in the framework of lattice gauge theory. The clue to this 
development is the construction of gauge covariant and local Dirac operators 
^, ^ which solve the Ginsparg- Wilson relation Q. The Ginsparg- Wilson 
relation implies the exact chiral symmetry for the Dirac fermion |^ and sug- 
gests an asymmetric and gauge-field-dependent chiral projection to the Weyl 
degrees of freedom ^ . The functional measure for the Weyl fermion field 
is defined based on the chiral projection. It leads to a mathematically reason- 
able definition of the chiral determinant, which generally has the structure 



as an overlap of two vacua It has been shown by Liischer in 10 1 that 
for anomaly-free abelian chiral gauge theories, the functional measure for 
the Weyl fermion fields can be constructed so that the gauge invariance is 
maintained exactly on the lattice. 

On the other hand, in the continuum theory, Alvarez-Gaume et al. [0] 
and Ball and Osborn |12] have shown that the imaginary part of the effective 
action for chiral fermions can be given by the ry-invariant It is defined 
as the spectrum asymmetry of the five-dimensional massless Dirac operator 
coupled to an interpolating five-dimensional gauge field. 

In this paper, we will show that a lattice implementation of the rj- 
invariant is possible so that the lattice ry-invariant gives the imaginary part 
of the effective action for the chiral Ginsparg- Wilson fermion defined by 
Neuberger's Dirac operator. We define the ry-invariant on the lattice us- 
ing the complex phase of the determinant of the (simplified) domain-wall 



fermion |14, 15 1, which couples to an interpolating five-dimensional gauge 
field. Our formulation then can be regarded as a lattice realization of the 
argument given by Kaplan and Shmaltz in the continuum theory |[l6[| , using 
the simplified formulation of the domain- wall fermion by Shamir |15| . 

Our lattice implementation of the r/-invariant can be shown to have a 
direct relation to the imaginary part of the effective action for the chiral 
Ginsparg- Wilson fermions which is defined by Neuberger's Dirac operator 

^ |l^. This implementation is applicable to non-abelian chiral gauge 
theories. But the integrability, which holds true for anomaly- free theories 
in the classical continuum limit, is not assured on the lattice with a finite 
spacing. This issue of the integrability for anomaly free chiral gauge theories 
is discussed. A lattice expression for the five-dimensional Chern-Simons 
term is obtained. Q 

^When completing this work and preparing this article, we noticed that a paper by 
Liischer ]l8| appeared. In a formula of the effective action for the chiral Ginsparg- 
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This paper is organized as follows. The section |2| is devoted to reviews of 
effective action for chiral fermions in the continuum theory and on the lat- 



tice: In section 2.1, we first review the relation bewteen the effective action 



for chiral fermions and the ry-invariant in the continuum theory. In sec- 



tion |2.2| , the effective action for the chiral Ginsparg- Wilson fermion defined 

we 



through Neuberger's lattice Dirac operator is reviewed. In section p. 3 , 
discuss the relation between Neuberger's Dirac operator and the domain-wall 
fermion for vector-like theories. In section ^, we describe our implementa- 
tion of the ry-invariant on the lattice, using chiral domain-wall fermion. In 
section we examine the variation of the lattice ry-invariant with respect to 
the gauge field. In section ||, we clarify the relation of the lattice ry-invariant 
to the effective action for chiral Ginsparg- Wilson fermions defined through 
Neuberger's lattice Dirac operator. The integrability for anomaly free chiral 
gauge theories, which is not assured a priori on the lattice, is discussed. In 
section |6|, we summarize our result and give some discussions. 

In the following discussions, various fermion theories are considered in 
the continuum limit, and on four- and five- dimensional lattices. The four- 
dimensional space-time coordinates are denoted by = 1,2,3,4) and the 
fifth-dimensional coordinate is denoted by t. We denote the lattice spacing 
of the four direction = 1, 2, 3, 4 with a and the lattice spacing of the fifth 
direction with 05. Then the lattice indices are given as follows: 

2;^ = n^^a, n^eZ (/u = 1, 2, 3, 4), (1.1) 
t = as, ns G Z. (1.2) 



as 



The gauge-covariant difference operators are defined with link variables 



V^</.(x,t) = -{U^{x,t)(t){x + fia,t)-(t){x,t)), (/x = 1,2, 3, 4) (1.3) 
a 

V^ct){x,t) = —{U5{x,t)<p{x,t + a5)-(l){x,t)), (1.4) 
as 



where the unit vector in the direction /x is denoted by fi. 



2 Effective action for chiral fermions 

in the continuum theory and on the lattice 

Wilson fermion which couples to non-abelian gauge fields is derived and its relation to the 
77-invariant is suggested. 
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2.1 The //-invariant in the continuum theory 



In the continuum theory, the r/-invariant |]13[ is defined as the spectrum 
asymmetry of the hermitian five-dimensional Dirac operator. It can be de- 
fined through the complex phase of the determinant of a five-dimensional 



massless Dirac fermion in the Pauli-Villars regularization |11, 19 1. 

5 

TTTj = -Imlogdet [{H -iM) / (H + iM)], H = i^-iMDM. (2.1) 

M=l 

In this formula, it is assumed that the five-dimensional Dirac operator cou- 
ples to gauge fields AM{x,t) with the following property: for t = — oo to 
—A, AM{x,t) = A\,j{x); for t = —A to +A, AM{x,t) smoothly interpoltes 
between A\^{x) and A\,^{x) and from t = to -|-oo, AM{x,t) = A 



Both 74^(x) and A\.i{x) are assumed to be perturbative configurations and 
Am{x, t) can be chosen so that the five-dimensional Dirac operator does not 
have zero modes. 

In [|ll|, the variation of the ry-invariant with respect to gauge field has 

been examined, by introducing one more parameter u which parametrizes 

the gauge configuration for t > +A. The result can be written as the sum 

of the four-dimensional surface contribution and the five-dimensional bulk 

contribution: 

d , ^ ^ d ^1 

TT— ry = ImTrajPi— ^- 
au du ip 

- li-rn^ j d'^x j dt ^--;^€^MNKL^T^ ^-^A^FmnFri}^ {x,t-,u). 

(2.2) 

The first term has the form of the gauge current induced by chiral fermions 
which is regularized gauge-covariantly. The second five-dimensional term 
can be written as the variation of the Chern-Simons term up to the 
local current of Bardeen and Zumino |20]: 

-^{2TiQ^[A^{x,t-u)\} + y"d^a;tr|^A^(x;n)X^(x;n)| , (2.3) 

where 

= Yirn^ j j ^d^xdt da ^e^MNKLTi {A^F^j^F^l} ,(2-4) 
Fmn = [QmAn - On Am) + o^i \Am, Af^\ , (2.5) 
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and 

= 4^ ^A^^Ap {AuFxp + F^xAp - A^AxAp) . (2.6) 

The current of Bardeen and Zumino, denoted by here, plays the role 
to translate the covariant gauge current, which is induced from the surface 
term, to the consistent current [11|. 



Then integrating the expression with respect to u, 
TT^V = Im|d4xTr^|-A,|trQ7.75^)+X,}[^,(x;u)] 



d 

du 



{2^Q5 [A4x,t)]}. 



(2.7) 



we obtain 



ImTeff [4] - ImTeff [A^] = vrr/ + InQ^ [Apix,t)] . (21 



We note here the role of the Chern-Simons term. 1) First of all, the Chern- 
Simons term compensates the dependence of the r/-invariant on the path 
of the interpolation and make it integrable so that it can give the effective 
action of chiral fermions which depends only the values of gauge fields at the 
boundaries. 2) The Chern-Simons term reproduces the non-abelian gauge 
anomaly of the effective action, while the ry-invariant is gauge invariant. If 
Aj^{x) is obtained from A^{x) by a certain gauge tranformation, 

4(x) = g{x)Al,{x)g{x)-^ - ig{x)dpg{x)-\ (2.9) 

we may consider an interpolation of the gauge transformation function, 
g{x,t), such that g{x,t = — oo) = 1 and g{x,t = oo) = g{x) and the re- 
gion of the interpolation is within t £ [—A, A]. Then we obtain 

ImTeff [g(x)A0ix)gix)-^-i9(x)dMx)-^] - ImTeff [Al(x)] 

= 2itQ5 [g{x,t)A0{x)g{x,t)-^-ig{x,t)d^g{x,t)-^--ig{x,t)d5g{x,t)-^] . 

(2.10) 

The r.h.s. is nothing but the Wess-Zumino action. 3) When the non-abelian 
gauge anomaly is canceled by the condition 

Ttr (t" |^^ T^}) = 0, (2.11) 

R 
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the Chern-Simons term vanishes. The ?7-invariant becomes integrable and 
identical to the imaginary part of the gauge invariant effective action for 
chiral fermions. 

ImFeff [A^] - ImFeff = ttij. (2.12) 

Thus the imaginary part of the effective action of chiral fermions can be 
expressed through the r/-invariant. 

Since X^{x;u) is orthogonal to A^{x;u), it does not contribute in the 
integration of u if we adopt the linear interpolation as A^{x;u) = uA^{x). 
In this case, the imaginary part of the effective action is entirely given by 
the integration of the covariant gauge current induced from the surface term 

H- 

Im TefT [A^] - Im F.s [A^] = ^ dulm Tr, Pl ^p^. (2.13) 

The integration of the bulk term gives directly the Chern-Simons term. 
27rQ5 {Af,{x,t;u)] 

= j du \im^ j j d'^xdt e^MNKL^r | ^^/^ FmnFrl | (x, t; n) . 

(2.14) 

2.2 Effective action for chiral Ginsparg- Wilson fermion 
defined by Neuberger's lattice Dirac operator 

2.2.1 Neuberger's lattice Dirac operator 

Neuberger's lattice Dirac operator ||T|, which is derived from the overlap 
formalism and satisfies the Ginsparg- Wilson relation Q, is given by the 
following formula: 

I) = J_ f 1 + X^L=\ =-(l + 75^1 , (2.15) 

where X is the Wilson-Dirac operator with a negative mass and H is the 
hermitian operator, 

X = D^-'^, H = -fJD^-'^) , (0<mo<2), (2.16) 
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= ^ Ul (V, - Vt) + ^V,Vt I . (2.17) 

This Dirac operator satisfies the Ginsparg- Wilson relation [^. 

-f5D + Dj5 = 2aDj5D. (2.18) 

Locahty properties of Neuberger's lattice Dirac operator has been ex- 
amined by Hernandes, Jansen and Liischer 1^]. For a certain class of gauge 
fields with small lattice field strength, exponential bounds have been proved 
rigorously on the kernels of the Dirac operator and its differentiations with 
respect to the gauge field. Namely, if the field strength of the gauge field 
bounded uniformly as follows, 

\\l - U^,{x)\\ < e, e< ^{l-|l-mo|2}, (2.19) 

then the Wilson-Dirac operator square is bounded below by a positive con- 
stant as 



> |(1 - 30e)3 - |1 - molY ' ^^'^^^ 



Given the positive lower and upper bounds for a^X^X, it follows that the 
kernel of Neuberger's Dirac operator is exponentially bounded as 

II D{x,y) ||=Cexp|-^|x-y||, (2.21) 

where is a certain constant which is determined from the lower and upper 
bounds for a'^X'^X. 



2.2.2 Effective action for chiral Ginsparg- Wilson fermion 

The Ginsparg- Wilson relation Eq. (|2.1§| ) implies the exact symmetry of the 
fermion action. For the Dirac fermion described by the lattice Dirac operator 
which satisfies the Ginsparg- Wilson relation 

SD = a^^i;{x)D^ix), (2.22) 

chiral transformation can be defined as follows: 

diPix) = 75 (1 - 2aL») V(x), di^ix) = i^ix^^- (2.23) 
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Then it is straightforward to see that the action is invariant under this 
transformation. 

Prom this property, Weyl fermion can be introduced as the eigenstate of 
the generators of the chiral transformation 

75 = 75 (1 - 2aD) , 75. (2.24) 

Namely, the right-handed Weyl fermion is defined through the constraint 
given as follows 

Pr^r{x) = Vij(a^), i^R{x)PL = i'Rix), (2.25) 
where Pr is the chiral projector for the fermion field 'ip{x) defined as 

Pr=('-^), Pl = ('-^). (2.26) 



. 2 ^ 

The action of the Weyl fermion is given by 

Sw = a^Y.^R{x)Di^R{x). (2.27) 

X 

The functional integral measure for the Weyl fermion can be defined by 
introducing the chiral basis, 

pRVjix) = Vj{x), {vk,Vj) = 6kj, (2.28) 

where {vk, vj) = Vk{x)'^Vj{x). Using this chiral basis, the Weyl fermion 

can be expanded with the coefficients Cj which generates a Grassmann al- 
gebra. Then the functional measure for the right-handed field is given by 

D [V^] = J] dc, ijR{x) = Vj{x)cj. (2.29) 

j 3 

The functional measure for the anti-fermion field is defined similarly with 
the basis 

Vk{x)PL = Vk{x), {vk,Vj) = 5kj, (2.30) 

as follows: 

D [iP] = JJdcfc i;R{x) = YckVk{x). (2.31) 
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Then the partition function of the Weyl fermion is given as 



Zf = J D[iP]D [Vi] e-^^['^«''^«] = det Mkj, (2.32) 



where 



Mkj = VkDvj. 



(2.33) 



In the case using Neuberger's Dirac operator, the right-handed projector 
is noting but the projector to negative energy states of the Wilson-Dirac 
hamihonian H, 



Pr 



1 



H 



(2.34) 



Then the basis Vj{x) can be chosen as the normaUzed complete set of the 
eigenvectors of negative energy states. The basis Vk{x) may be regarded as 
the complete set of the negative-energy eigenvectors of the hamiltonian 75. 
Then the chiral determinant may be written in the form of the overlap of 
two vacua |^]: 

det Mkj = det {vkVj) . (2.35) 
It is useful for later discussions to consider the variation of the effective 



action with respect to the gauge fields 12^, |1( 
write the variation of the link variables as 



18|. Following |10|, y], we 



5i^U^{x) = aC^{x)U^{x), Cm(^) = iT'^Qix)- (2-36) 
Then the variation of the effective action is evaluated as 

,5^ In det Mkj = TiS^DPrD-^Pl + Y,(^k, S^Vk) ■ (2.37) 

k 

The second term of the r.h.s. is discussed in |^2[ in analogy of the Berry 
connection. It is refered as the measure term in |18[. This term may be 
expressed with a current as follows: 

Y.{vk,ScVk) = -m4 5]C^(x)j-(x). (2.38) 

k X 
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2.2.3 Gauge invariant choice of the measure term in abelian chi- 
ral gauge theories 

It has been shown by Liischer in |l^ that for anomaly-free abehan chiral 
gauge theories, the functional measure for the Weyl fermion fields can be 
constructed so that the gauge invariance of the effective action is maintained 
exactly on the lattice. If we consider a gauge transformation of the effective 
action in an abelian chiral gauge theory, we obtain 

6uj\ndetMkj =i^uj{x) {trTj5 (1 - aD) {x,x) - a'^d^jf^ix)} . (2.39) 

X 

In this respect, the result obtained by Liischer [P, which is crucial for the 
gauge invariance, is that the anomaly associated with the chiral gauge cur- 
rent can be expressed in the following form: 

tr75 (1 - aD) {x,x) = ^-^^e^ypcrF^y{x)Fpa{x + /i + z>) + d*k^{x] 

(2.40) 

where kfj,{x) is a gauge-invariant local current. This is the consequence of 
the index theorem on the lattice |23]. Then it has been shown that the basis 
{vj{x)} can be chosen so that the current associated with the measure term 
is gauge-invariant and local and it satisfies the anomalous conservation law, 

= ^tr75 (1 - aD) (x,x) = d;k^ix), (2.41) 

when the anomaly cancellation condition ef = is satisfied. The explicit 
form of the ansatz for the measure term is given by 



dt'^{CfM{x)k^{x) + A^{x)6i;k^{x)} , 

X 

(2.42) 

where ?7^(x,t) = exp(it^^(2;)). 

2.3 Domain-wall fermion for vector-like theories 

Neuberger's lattice Dirac operator has a close relation to the domain-wall 
fermion |24, 25, 26 1. In a simplified formulation, the domain- wall fermion is 
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defined by the five-dimensional Wilson fermion with the Dirichlet boundary 
condition in the fifth dimension. With the Dirichlet boundary condition in 
the fifth direction, 

ijR{x,t)\t^_T = G, ^L(x,t)|i=r+a5 = 0, (T = 7Va5), (2.43) 
the action of the domain-wall fermion is defined by 

T 

S-DW = 0-5 '^(^' (-^5w ~ ~) (0 < -nio < 2), 

t=~T+a5 X 

(2.44) 

where the gauge field is asuumed to be four-dimensional 

U^{x, t) = U^ix), U^ix, t) = 1, (2.45) 
and the five-dimensional Wilson-Dirac operator D^^ is defined as 



^ f 1 1 1 

D,^ = ^ 7 (v^-Vt)+|v^Vt +75 2(V5-V^)+|V5V^. 

(2.46) 

Due to its structure of the chiral hopping and the boundary condition 
in the fifth dimension, a single light Dirac fermion can emerge in the spec- 
trum. This light fermion can be probed suitably by the field variables at 
the boundary of the fifth dimension, which are referred as q{x) and q{x) by 
Furman and Shamir. 

q{x) = iPl{x, -T + as) + iPr{x, T), q{x) = 'ipiix, -T + ipnix, T). 

(2.47) 

In fact, the propagator of the light fermion field can be expressed in terms 
of the effective Dirac operator [24, 26]: 

{q{x)q{y)) = ^ (\d^^^'' " ^(x, y)) , (2.48) 



where 



^l? = ^(l+75tanhr/7), {T = Na5). (2.49) 
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H is defined through the transfer matrix of the five-dimensional Wilson 
fermion 



_(fti B + &C ) ' ^^-^^^ 



where Q 



C = a5a^-(V^ + V;J, (2.51) 
B = l + «5(-^V,V;-^). (2.52) 

The limit T ^ oo is defined well as long as > 0. The effective Dirac 
operator Eq. ( |2.49| ) then reduces to Neuberger's lattice Dirac operator using 
H, 

D,s = ^{l + j5^D , (2.53) 



2a 



'H2 



and turns out to satisfy the Ginsparg- Wilson relation. 

It is useful to note that the effective Dirac operator admits the following 
representation |26, p^ j: 

aD'2 = 1-Pk{».(155w-=^)};;P. 

L V a / J -T+as -T+as 



I- V a / J T-T+ag 

I- V a / J -r+a5,T 



(2.54) 



where -Dsw is the five-dimensional Wilson-Dirac operator with the anti- 
periodic boundary condition in the fifth-dimension. Its inverse may be ex- 
pressed as 

V a ) ) St 2iV ^ sinpas + 1 - cospas + 05 (Dw - ^) ' 

(2.55) 



In this expression, the positivity of B is required for the transfer matrix to be defined 
consistently. It is assured when < —mo < 1 . 
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The summation is taken over the discrete momenta p = jq^ik — ^) {k = 
1, 2, • • • , 2N) and in the hmit ^ oo it reduces to the continuous integral. 

From this representation, it is rather clear that the effective Dirac opera- 
tor can be defined consistently if the five-dimensional Wilson-Dirac operator 
with the anti-periodic boundary condition is not singular and invertible for 
all T. In this respect, we should note that the lower bound on the square of 
the five-dimensional Wilson-Dirac operator is related closely to that on the 
square of the four-dimensional Wilson-Dirac operator Q |2^, because the 
gauge field is four-dimensional. In fact, the same lower bound can be set for 
the class of gauge fields with small lattice field strength which satisfies the 



bound Eq. (|2.19D . 



^-Dsw —j ( -Dsw 



mo 
a 



> 



|(1 - 30e)^ 



|1 - mo 



(2.56) 



3 A lattice implementation of the ry-invariant 

3.1 The 77-invariant, the five-dimensional massless fermion 
on the lattice and the chiral domain-wall fermion 

In the continuum theory, the ry-invariant can be defined through the com- 
plex phase of the determinant of a five-dimensional massless Dirac fermion 



in the Pauli-Villars regularization |11, In order to implement the rj- 



invariant on the lattice, we may consider a five-dimensional massless Dirac 
fermion which is formulated on the lattice using the five-dimensional over- 



lap Dirac operator |29|. As shown in [g9[, in the overlap formalism a 
five-dimensional massless Dirac fermion can be described gauge invariantly 
by the five-dimensional overlap Dirac operator: 



c 4 
'-'Sdim — 050 



I + X5 ^ (3.1) 



where denotes the five-dimensional Wilson-Dirac operator with a 
negative mass: 

X5 = Dsw - — (0 < mo < 2). (3.2) 
a 

Then we can consider a lattice implementation of the ry-invariant using the 
complex phase of the determinant of the five-dimensional massless Dirac 
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fermion which couples to a certain interpolating five-dimensional lattice 
gauge field: 



^f? ~ Imlndet [ 1 + ^5^^ I . (3.3) 



Since it holds that |2| 



1. 



Im In det I 1 + X, ^ = -Im In detXg, (3.5) 

the above implementation can also be written as 

7r?7 ~ Im In det ^I?5w — — ^ • (3.6) 

These consideration suggests that the r/-invariant can be implemented 
on the lattice through the complex phase of the determinant of the simpli- 
fied domain-wall fermion which couples to the interpolating five-dimensional 
gauge field. Namely, we first impose the Dirichlet boundary condition in the 
fifth dimension and then let the extent of the fifth dimension go to infinity. 

tttJ ~ lim Im In det (-DswfT) ^ ) • (3-7) 

-05w(T) stands for the Wilson-Dirac operator which is subject to the Dirichlet 
boundary condition sXt = — T-l-os and t = T.^ Because of the interpolation 
in the fifth direction, the chiral modes at the boundary t = —T 05 and 
t = T couple to different four-dimensional gauge fields. This difference is 
expected to reprodue the difference of the complex phase of the effective 

If we use an abbreviation as = X5 , ^ , we have V'^V — 1. Then, the complex 

phase of the partition function of the five- dimensional massless Dirac fermion can be 
evaluated as 

Imlndet(T) (1 + ^) = ^ l^^etfT)-^^^ = j. Indet(T) = ilmlndet(T) V. (3.4) 



Since wXgXs is hermitian, it does not contribute to the complex phase of the partition 



function and can be neglected. Thus we obtain Eq. (3.5). 

With this boundary condition, the difference operator in the fifth direction 

d^^^ - S,,y) (3.8) 
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action for the chiral Ginsparg- Wilson fermion, since the chiral modes at 
the boundaries are described by the effective Dirac operator satisfying the 
Ginsparg- Wilson relation. Our proposal then can be regarded as a lattice 



realization of the argument given by Kaplan and Shmaltz in |16|, using the 



simplified domain- wall fermion of Shamir |15]. 



3.2 Smooth interpolation of four-dimensional gauge fields 

In order to realize the smooth interpolation of the four-dimensional lattice 
gauge fields, we need to choose carefully the interpolating five-dimensional 
gauge field. For this purpose, we first consider the five-dimensional lattice 
theory Eq. ( |3.7D and then take the continuum limit in the fifth dimension, 
05 0. 

To prepare the interpolating gauge fields on the five-dimensional lattice, 
let us consider two four-dimensional gauge fields. 



iAO{x) 



(3.10) 



We assume that both gauge fields are smooth enough to satisfies the bound 
Eq. ( |2.19| ) to make Neuberger's Dirac operator defined well and local [Q. 
We also assume that both gauge fields belong to the same topological sector 
in which the topological charge defined through Neuberger's Dirac operator 



Q 



-aTrj5D = --Ti- 



H 

7W 



(3.11) 



are equal. 

Then we consider a five-dimensional gauge field interpolating two four- 
dimensional gauge fields, U^{x) and U^{x), along the fifth coordinate t which 
is for the first time regarded as a continuous coordinate. 



t £ R. 



(3.12) 



may be expressed by 2N x 2A'' matrix (T — Na^) as follows: 



da(T) - — 

0.5 



( -1 






V 



1 

-1 










1 

-1 







\ 





1 

-1 / 



(iV = 3). 



(3.9) 



The subscript (T) denotes the fact that the difference operator is implemented by a finite 
matrix, taking account of the Dirichlet boundary condition in the fifth direction. 
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We assume that it is possible to choose such an interpolation without break- 
ing the bound Eq. (|2.19|) and changing the topological property of the gauge 
fields: 

\\1-U^4x,t)\\<€, e< ^{l-ll-moP}, tGR. (3.13) 

We also assume that the interpolating region has a finite interval, t G 
[—A, A]: When t < —A, it coincides with the four-dimensional gauge field 

U,{x,t) (3.14) 

When t > A, it coincides with the other four-dimensional gauge field U^{x): 

U^ix,t) U^{x). (3.15) 

i>+A 

This defines one parameter family of the interpolating five-dimensional gauge 
fields. See Figure |^. 



-A A 

Figure 1: Interpolating five-dimensional gauge field 



We then map the continuum interpolations to a discrete fifth dimensional 
lattice space so that A < T. (Figure |2|) 



t = n^a^, 715 G Z. 



(3.16) 



This interpolating five-dimensional lattice gauge field is to couple to the 
domain- wall fermion of Eq. ( |3.7D . In order to recover the smooth interpola- 
tion of the two four-dimensional lattice gauge fields, we need to take both 
the infinite extent limit T ^ oo and the continuum limit 05 — > of the fifth 
dimension, keeping A <^T. 
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-T + as -A A T{=Na5) 

Figure 2: Interpolating five-dimensional gauge field on the lattice 



3.3 Inverse five-dimensional Wilson-Dirac operators 

For technical reasons, we also require that the five-dimensional Wilson-Dirac 
operator which couples to the five-dimensional interpolating lattice gauge 
fields does not have zero mode and is invertible. For this, we asuume the 
following bound on the 5 — /i plaquette,^ 

||l-C/5;,(x,t)|| < (^)e5, 30e + 20e5 < {l-ll-moH. (3.17) 



U,,ix,t)\\^^\Kix) 



Note that since we can estimate the size of the 5 — /x plaquette as 
111 

and 

e5^|||C/°(x)-C/^(x)||, 



(3.18) 



(3.19) 



this bound holds true as long as we choose A/a large enough. ^ Then the 
five-dimensional Wilson-Dirac operator is bounded from below by a positive 
constant. 



D. 



5w 



a ) 



D5. 



a ) 



> |(1 - 30e - 2065)^ - |1 - mol} 



(3.20) 



Y.K. is grateful to D.B. Kaplan for discussions and suggestions on this point. 
®The bound on the five-dimensional plaquette variables can be regarded as a sufficient 
condition for the existence of chiral fermions on the boundary walls. In this respect, we 
note that in the waveguide approach of domain wall fermion | po| , ^ , A/a is set to unity 
and the bound on the five-dimensional plaquette variables is not satisfied in general. 
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Given the potitive lower and upper bounds for the five-dimensional 
Wilson-Dirac operator, 



a < 



a I i^.w I I -Osw 



a / 



a / 



</3, 



(3.21) 



it follows that the inverse five-dimensional Wilson-Dirac operator decays 
exponentially at large distance in the fifth dimension 



{a^-^L^Sw} {x,s;y,t) 



< C exp < --d;s{x,s;y,t) 



(3.22) 



where 



C 



4t / 1 d5{x,s;y,t) t 



13-a \l-t 



+ 



{l-tf 



(3.23) 



t = e-^ cosh0 = £i^, (3.24) 
/? — a 

and d^{x, s;y,t) = |x — y|/a + |s — i|/a5. 

The similar property holds true for the five-dimensional Wilson-Dirac 
operator which is subject to the Dirichlet boundary condition in the fifth 
direction. In order to see this, we note the following identity which holds 
for s,t G [-T + a^,T]: 

— [s, x; t, y) - — (s, x; t, y) 

= 75 ^ y{-T+a5;T) 75 ^ (s, X; t, y), 

(3.25) 

where 

^(-T+a5;T) = {-PLSs-T^t-T+as-PR^s-T+as^t-T 

-PLSs,TSt,T+a5 - PRSs,T+a5St,T} ■ (3.26) 

In this identity, the Dirichlet boundary condition at i = —T + 05 and t = T 
is implemented in the infinite extent of the fifth dimension by adding the 
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surface interaction term |32|. The derivation of this identity is given in 
appendix By setting t = T, we obtain 



{s,T)(l + PL——j^{T + a,,T) 



1 



1 



{s,T) 



n "^0 



(s,-r + a5)Pi?^ 



(-r,r). 



We may assume that the correlator 



a / 



(3.27) 



(3.28) 



has a finite hmit when T ^ oo. Then we can infer that the inverse of 
D^ui(T) ~ ^ should decay exponentially (up to power corrections in T) at 
large distance with the same exponent as Eq. (|3.22| ) for D^^ — ^. Otherwise, 
it would contradict with Eq. ( |3.27] ). Therefore we obtain the following bound 
in the limit T — > oo and |s — T| — > oo, 



1 



{x,s;y,T) 



< C'(r/a5)'"exp<^- — |s-r| 



(3.29) 



{\s -T\ ^ oo) , 
with a positive constant C and a positive integer m. 

3.4 Definition of the r^-invariant on the lattice 

In summary, we consider the following lattice implementation of the ij- 
invariant. 



vrr? = lim lim Im In det ( D^^(^\ -] 



(3.30) 



It utilizes the complex phase of the determinant of the simplified domain- 
wall fermion which couples to the interpolating five-dimensional gauge field. 



Sdw = 0-5 ^ a'^'^ip{x,t)(^D5^-—^'ip{x,t), (0<mo<2), 

X 

(3.31) 



t=-T+a5 
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with the Dirichlet boundary condition in the fifth direction, 

^pR{x,t)\t=-T = 0, tpL{x,t)\t=T+as = 0. (3.32) 

-^5w(T) stands for the five-dimensional Wilson-Dirac operator D^^ which is 
subject to the Dirichlet boundary condition. The five-dimemsional lattice 
gauge field "interpolates" two four-dimensional lattice gauge field with same 
topological charge in a finite region t G [—A, A]. It satisfies the bounds on 
the plaquette variables as 

\\1-U^,{x,t)\\<e, (3.33) 
\\1-U5f,ix,t)\\ < (^)e5, 30e + 20e5 < {l - |1 - mo|'} . (3.34) 

and has a smooth continuum limit in 05 — > 0. 

4 The variation of r] with respect to gauge field 

Following the analysis in the continuum theory [l^, we next examine the 
variation of rj with respect to the gauge field. For this purpose, we intro- 
duce another parameter u € [0, 1] so that it parametrizes the gauge field 
configuration at t > +A from U^{x) to U^{x). (Figure ^ 

U^{x-u), ne[0,l]. (4.1) 
U^{x- u = Q) = [/°(x), U^{x- u = l) = U^{x). (4.2) 



4.1 Summary of result 

Before going into technical details, we first summarize our result. The vari- 
ation of rj with respect to u can be written as the sum of two contributions 
as follows: 



d . U „ d 

''5w(oo) 



— T] [U^{x, t; u)] = lim lim -lmTr(r) -^I)5w(oo) 7^ 



+-lmTi^ Pl^D^. (4.3) 
TT du D 

The first one is the bulk five-dimensional contribution, which depends on 
the whole interpolating five-dimensional gauge fields. The second one is 
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-A A 

Figure 3: Parameter u 



the contribution from the boundaries at t = —T + 05 and t = T, which 
depends only on the boundary values of the interpolating five-dimensional 
gauge fields. 

Remarkably, the surface contribution is expressed by the covariant chiral 
gauge current associated with Neuberger's Dirac operator. This surface term 
can be related to the imaginary part of the effective action for the chiral 
Ginsparg- Wilson fermion which is defined with Neuberger's Dirac operator 

H^, as we will see later. 

The bulk contribution reproduces the Chern-Simons term in the classi- 
cal continuum limit. First of all, this term is a local functional of Uf^{x,t). 
This follows from the property of the inverse five-dimensional Wilson-Dirac 
operator given by Eq. ( ^.22 ), which becomes small exponentially at large dis- 



tance. Secondly, using a plain wave basis on the lattice, as in the continuum 
analysis, it can be evaluated as 

lim lim ImTr(r) -^I?5w(oo) 7^ ^ 

rT' 



lim [ d^X [ dt—^€f,MNKLtT\-^Afj,FMNFKL\{x,t;u). 

''^00 J J_rp, sl-K^ ydu J 

(4.4) 



This quantity can be written as the variation of the Chern-Simons term, 
up to the local current of Bardeen and Zumino [20| which plays the role 



to translate the covariant gauge current from the surface contribution to 
the consistent one [^]. Thus the result in the continuum theory |11] is 



completely reproduced by our lattice implementation of the r/-invariant in 
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the classical continuum limit .[] 

The coefficient of the Chern-Simons term in this calculation is given by 
the topological number associated with the free five-dimensional Wilson- 
Dirac operator, 

1 n d^k 

c = ^ eMJVwTrj (9^/5-^5) (5^5-^5) X 

{diS^^S) {djS-^S) {dKS'^S)] (k) 

(4.5) 



I 

8^ 



where S{k) is the free propagator of five-dimensional Wilson-Dirac fermion. 
S'^{k) = ^ (i-fM sin kM + 2 sin"^^^ -mo (0 < mo < 2). (4.6) 

M=l ^ ^ 

This result is consistent with the previous calculation of the Chern-Simons 
current by Golterman, Jansen and Kaplan |3^. The similar quantity in 
which the fifth momentum is continuous has appeared in the calculation of 
the axial anomaly [^] of the Ginsparg- Wilson fermion defined with Neu- 
berger's Dirac operator 

4.2 Evaluation of ^r/ 

4.2.1 Separation of bulk contribution 

Now we go into details how to evaluate the variation of rj. Prom the contin- 
uum argument of |11|, we expect that the variation of fj can be written as 



the sum of two contributions. The first one is the bulk five-dimensional con- 
tribution, which should reproduce a part of the Chern-Simons term. The 
second one is the contribution from the boundaries at i = —T + and 
t = T, which should be related to the effective action of the chiral fermion. 
In the context of the domain-wall fermion here, it should be related to the 
chiral light modes at the boundaries. 

By taking the variation of r/ with respect to li, we obtain 

-^?7 = lim lim ilmTr(r) -^L»5^(T) (4.7) 



^We are considering the effective action for tfie rigfit-fianded Weyi fermions. 

*See for tfie original calculations of the Chern-Simons term induced from the 
Wilson-Dirac fermion in three dimensions. For the detail analysis of the chiral Jaccobian 
of the Ginsparg- Wilson fermion, the authors refer the reader to ^ 
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Note that since D^^x) is defined in the finite interval of [— T + 05, T], taking 
account of the Dirichlet boundary condition, the cychc property of the trace 
over the fifth dimension holds true here. 

In order to separate the bulk five-dimensional contribution from the 
boundary contribution, we note the following fact: the bulk term comes 
from the interval [—A, A] where the interpolating field is varing in t. Then 
it can also be evaluated from the five-dimensional Dirac fermion (the simpli- 
fied domain-wall fermion) defined in a slightly larger five dimensional space 
than t e [-T + a5,T], say, t e [-T - AT + a5,T + AT]. (Figure |) 



AT 



[70(x) 



AT 



-T + as 

Figure 4: Larger five-dimensional space 



T 



The inverse of the Dirac operator in this case 

1 



-'-'5w{T+AT) - — 



{x,s;y,t) (4.8) 



does not support the light chiral modes at the original boundaries t = 
—T + as and t = T. If we would replace the inverse of the five-dimensional 
Dirac operator in Eq. ([4.7D by Eq. ( |4.8| ), then it could include only the bulk 
contribution. This consideration suggests the following separation: 

^ d ^ 1 
— ImTrcr^ -:—D 



rr. d ^ 1 

-lmTV(T) ;i-^5w(T) 7; ^ 

1 d / 1 

-ImTrrri -:—D 



TT — C^) du V Aw(T) - I?5w(T+AT) 



(4.9) 
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Note that we can let AT be infinity in this separation. 

In order to see that the second term in the r.h.s. of Eq. ([4.9| ) is actually 
localized at the boundary, we note the following identity which holds for 
s,te [-T + a5,T]: 

-I 1 

(s, x; t, y) - — — (s, X] t, y) 



^5w{T) - ^ ' ' ' ^5w(T+AT) - ^ 



V(_T+a5;r) ' — (s, x; t, y), 



^5w(T) - — -^5w(T+AT) " — 



(4.10) 



where 



V(^T+a5;T) = {- PlSs-TSt-T+as - PuSs-T+asS^-T 

-PL6s,TSt,T+a5 - PRSs,T+a.Jt,T} ■ (4.11) 

In this identity]^ the Dirichlet boundary condition at i = — T + and 
t = T, in the middle of the enlarged extent of the fifth dimension [—T — 
AT + a^jT + A], is implemented by adding the surface interaction term |32]. 
The derivation of this identity is given in appendix 

Using this identity, the second term can be evaluated as follows: 

1, „ d „ / 1 1 



^'>dn V^5w(T) - I)5w(T+AT)-^ 

= -ImTr(7.) — L>5^(T) -r ^V(_r+i,T)75 ^ 

TT ' ' du -t^5w{T) - a -^5w(T+AT) " 

1 d f 1 \ ( 1 

= --lmTr(r) — — — V(^_T+a,„T) 1 - 75 ^^V(_T+a5,T) 

vr du V^5w(T) --^J V ^5w(T+AT) - 

(4.12) 

Inserting the explicit expression of V(^_x+a5\T)-, we can evaluate it further to 
^ In the limit AT ^ oo, it reduces to Eq. (|3.25|). 
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have 



1 1 r d / 1 \ 1 

+Pl 4- ^ I {-T+a,;T) Pn- ^(r;-T) 



du \ D5w(T) - ' -D5^(T+AT) - ^ 



V ^5w(T) - ^ y ' I)5w{T+AT) - ^ ' 



+^^? — ( 7^ ^ (r;-T+a5)PL75 



(4.13) 



We can see that the first two terms are locahzed at the boundaries t = 
—T + as and t = T, respectively. The last two terms comes from the 
correlation between two boundaries. 

After letting AT go to infinity, we can see that the last two terms in 
Eq. ( [4.13 ) vanish in the limit T — > c«, because the inverse of the five- 



dimensional Wilson-Dirac operator vanishes exponentially for a large sepa- 
ration in the fifth dimension. See Eqs. ( 3.22 ) and (|3.29| ). 



Therefore, we can write the variation of t] as 



d _ d _ d _ / . , 

ri = —ri +-rV > (4.14) 

du du bulk du surf 



— T] = lim lim — ImTrfT\ — D^^^ -— , (4.15) 

'bulk as-^OT^ooTT '^^>du D5w(oo) " ^ 

d _ 11 

— — ry = lim lim — ImTr^^ ^ 

du surf as^OT^ooVr ai 



d f 1 \ „ 1 

n ^ (-T+a,;-T+a,)PR- ^(-T;-T) 

du V-t-'SwCT) - a/ -'-'5w{oo) " — 

\T) ~ ^ ) ^^'^^^LJ, ^iT+as;T+a,) 

du V^5w(T) - a / ^5w(oo) " 

(4.16) 



4.2.2 Surface term in the limit T ^ oo 

We have seen that ^ Vsnrf actually localized at the boundaries t = —T+a^ 
(— T) and t = T (T + as). Still it depends on the whole interpolating five- 
dimensional gauge fields. We next show that in the limit T — > oo, the 
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interpolating five-dimensional gauge field in the surface contributions can 
be replaced by the gauge fields of its boundary values. 

In order to show this, let us first introduce the five-dimensional gauge 
fields which are uniform with respect to the fifth-dimensional coordinate t 

U;^{x,t;u) = U;:ix,t;u) = U^{x;u), (4.17) 




-T + as T 

Figure 5: Uniform five-dimensional gauge fields 



and consider the five-dimensional Dirac fermions (the simplified domain-wall 
fermion) which couple to these uniform gauge fields. We denote the five- 
dimensional Dirac operator of these fermions as and respectively. 

In the contribution from the boundary at t = T in Eq. ( [4. 161) , the Dirac 
operator -D5„(t) differs from D'^^rj,^ only in the region ta^ < +A. Then we 
may write as 

Tf^ {T, T) — — — — (T, T) 

-^5w(T) ~ ~ i^5w(T) - — 

t'T^A ^5w(T) - — ^ ' ^5w(T) - — 

(4.18) 

Since both (-D5w(t) ~ ^) ^ a-^d (^D^^r^-^ — decay exponentially at 

large distance in the fifth dimension, as shown in Eq. ( 3.29| ), we can see 



that the above difference vanishes exponentially in the limit T — > 00. As for 
(-^5w(oo) ~ ^) {T + a^^T + a^), the similar results follow from Eq. ( |3.22| ) 
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and we may replace it by (^-^5^7-) ~ + 05, T + 05). By the similar 

argument, we can show that D5w(t) and -05^(00) in the contribution from the 
boundary at t = —T can be replaced by D^^r^^ and Dt^^^y respectively. 

Furthermore, since the five-dimensional Wilson-Dirac operators depend 
smoothly on the gauge fields, the differences of -D5w(t) vanishes even after 
taking the variation with respect to the parameter u. Since UJ^{x,t;u) 
actually does not depend on n, this implies that the surface term from the 
boundary at t = — T + 05 vanishes identically. 

Thus we have 

d _ 

au surf 

lim lim ^Im \ Tl^ Pr-^ \ — ) {T;T) Plj^ i^iT+a^iT+as). 

(4.19) 

4.2.3 Inverse five-dimensional Wilson-Dirac operators in four- 
dimensional surfaces at boundaries 

We next evaluate the inverse five-dimensional Wilson-Dirac operators along 



four-dimensional surfaces, which appear in the r.h.s. of Eq. (4.19). The 
inverse of ^L'^^j ats = t = ris nothing but the propagator of 

the boundary variables of the simplified domain-wall fermion, which we dis- 



cussed in section 2.3. In the limit T 00, it can be given in terms of the 



inverse of the effective Dirac operator as follows: 



lim Pr^ ^ mo i^-'T) = Pr (-^ - 1) [U,ix; u)] . (4.20) 



The inverse of (^-D^^^^ — ^ j at s = t = T + can be also related to the 
effective Dirac operator through its representation in terms of the inverse 
five-dimensional Wilson-Dirac operator, Eq. ( 2.54| ). We have 



^t+1;T+i)Pr = ^ (75i^cfr75 - ^eff) [Uf^ix; u)] Pr. (4.21) 



^ 5(00) " 
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With these results, the surface term can be evaluated further as 



au surf 



1, ^ ^ d { I 
lim -ImTr^^PR— 



I] Pl^ (75^efr75 - ^cff) 



rr. d 1 
Iim — ImTra;— 

as^o vr du Dqq 

Iim -ImTr^PL-^DeS „ 



[Uf,{x;u)]. 



(4.22) 



In the limit 05 — > 0, -Deff reduces to the original Neuberger's Dirac operator 
D of Eq. (KWi) and finally we obtain Eq. (O. 



4.2.4 Bulk term in the continuum limit 

We next turn to the bulk contribution given by Eq. ( [4.15 ), 

= lim lim -lmTr(r) L>5„ — — . 

du bulk as^OT^ooTT ^ 'du -D5„(oo) ^ 

We will calculate this contribution in the classical continuum limit a — > 
and will show that it reproduces the variation of the Chern-Simons term up 
to the local current of Bardeen and Zumino |20|. 

In evaluating the bulk contribution, we set 05 = a. At the same time 
as to take the continuum limit, we also take the limit of the infinite extent 
of the fifth dimension A'" — 00, keeping T = Na^ ^ A finite. The limit 
T ^ 00 is taken at last. We adopt the plane wave basis e'^^M(xM/a.) ^ where 
the five-dimensional coordinate is denoted as xm = (a;^, t) (M = 1, 2, 3, 4, 5) 
with upper case Latin indices. 

The five-dimensional Wilson-Dirac operator 1)5(00) acts on the plane 
wave basis as follows: 

^5(00) I ^ 



a ) 



^kM{xMla) [y\( sin ku + 2 sin^ b±\ _^ 



- ^ ^ [(1 - 7M)e^'-^ Vm + (1 + 7M)e-^'=«vi, 

M 



(4.23) 
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The second term in the r.h.s. may be expanded for a smooth background as 
y{k) ^ ^^[(l-7M)e^'=-VM + (l+7M)e-*'-vi^" 

M 

= i^S{k)-^VM + 0{a), (4.24) 

where Vm is the covariant derivative in the continuum hmit 

VM = dM + iAM{x) (4.25) 
and S{k) is the free propagator of the five-dimensional Wilson-Dirac fermion, 

S{k)-^ = ^ fz7M sin /cm + 2sin2 - mo (0 < mo < 2). (4.26) 

M=l ^ 

Then, inserting the delta-function 



/I" JO I. 
QikM{x-y)M/a (4.27) 
-TT (27r)^ 



into the functional trace of the bulk term, we obtain the expansion 

d - V 1- It TV r 

— ■n = lim lim — imirm / 7— -tf X 

du bulk r'-»oo a-»0 TT ^ (27r)^ 

-ikM(xM/a) ^ n, i pikM{xM/a) 

1 I"" d^k 

= lim lim — Im > / - — -=- 

T'^ooa^O TT ^ J.^r (27r)5 



X 



where 



, 00 

IV(-l)-F(fc) ^a'+U^(fc)^(fc)y5(fc) 
1=0 

1 /"^' f d 

lim -Im / / d^xdtCjMNKL^l-r^jT^M'DN'DK'DL 
T'->oo IT J J^j" [ du 

+0{a), (4.28) 



^tr(5aj5-i)(SaM5-^)(5a^5-i)(55,^5-i)(59LS-^)(fc). 

(4.29) 
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This coefficient can be evaluated using the fact that it gives a topological 
number associated with the five-dimensional Wilson-Dirac propagator S{k). 
[p3| , [3^ . It is completely anti-symmetric and takes the following value: 

1 

CjMNKL = ^JMNKL o/ \9 i (4.30) 
8(7r)^ 

with the convention for the gamma matrices 7172737475 = 1- Then the bulk 
term in the classical continuum limit is given as 

^r) = lim -- / d^x r dt -^TtI^AjFmnFkl] +0{a). 
du bulk TT J J_T' 32(7r)^ ydu J 

(4.31) 



5 The lattice 77-invariant and the effective action 
for chiral Ginsparg-Wilson fermions 

5.1 Relation to the effective action for chiral Ginsparg-Wilson 
fermions 

Now we discuss the relation of our lattice implementation of the ry-invariant 
to the effective action for the chiral Ginsparg-Wilson fermions in abelian and 
non-abelian chiral gauge theories |l^, 17|. For the one-parameter family of 
the gauge fields of Eq. ( [4.lD , the effective action for the right-handed chiral 
Ginsparg-Wilson fermion is parametrized by u: 

Teff = Indet Mkj [U^,{x- u)] . (5.1) 

The variation of the effective action with respect to the parameter u is 
obtained from Eq. ( 2.37 ) by the choice of C^l{x) = -^Un^x; u) U~^{x; u) as 

|-reff [U^{x;u)] = Tt-^dPrD-^Pl + (vk, ^Vk) . (5.2) 

k 



Comparing this with the variation of the lattice r/-invariant Eq. (O), we 
obtain 

■^res[U^{x;u)] = ■^r][U^{x,t;u)] 

1. „ d „ 1 



lim lim — ImTr^ri -:—Di 



5{oo) 



mo 
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This equation implies that the combination of the last two terms of the 
r.h.s. can be writen as a total derivative in u of a certain functional of the 
five-dimensional gauge field, Uf^{x,t;u). We denote it by [U^{x,t;u)]. 
Then, by integrating in n, we obtain a formula for the imaginary part of the 
effective action: 

Imfeff [U^] - Imfeff = vrry [U^{x, t)] + 2ttQ^ [U^{x, t)] , (5.4) 

where 



27rQ,[U,{x,t)] ^ - hrn^^lhn^y^ d^ImTV(^)-^ 



5w(oo) j~, _ mo 

+ 1 duY,(v,,^v,y (5.5) 

This is the relation which may be regarded as the lattice counterpart of 
Eq. (g 



Q5 here can be regarded as a lattice expression of the Chern-Simons term 
in the following sense. 1) First of all, compensates the dependence of r] 
on the path of the interpolation and make it integrable so that it can give the 
effective action of chiral fermions, which depends on only the values of gauge 
fields at the boundaries. 2) Q5 reproduces the non-abelian gauge anomaly 
of the effective action, while 7y is gauge invariant. If U^{x) is obtained from 
U^{x) by a certain gauge tranformation, 

U^{x) = g{x)Ul{x)g{x + (ia)-\ (5.6) 

we may consider an interpolation of the gauge transformation function, 
g{x,t), such that g{x,t = —00) = 1 and g{x,t = 00) = g{x) and the re- 
gion of the interpolation is within t G [—A, A].|^ Then we obtain 

Imfeff [g{x)Ull{x)gix + fia)-^] - Imfeff [C^°(x)] 

= 27r(55 [g{x, t)U^^{x)g{x + fia, ty^,g{x, t)g{x, t + 05)"^] . 

(5.7) 

We should also note the role of the contribution of the second term 



of the r.h.s. of Eq. (5^), so called the measure term. As we have seen. 



^°In this equation, the fifth component of the interpolating five-dimensional gauge field 
is introduced. The evaluation of ^77 in section ^ holds true even if we introduce the fifth 
component of the gauge field as long as its support is within the region t G [—A, A]. 
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by virtue of the measure term, the path-dependece in the u-integration is 
removed and Q5 becomes a functional of U^{x, t). It corresponds to the local 
current of Bardeen and Zumino in the continuum theory. More importantly, 



as shown by Liischer in |1C], the measure term plays a crucial role for the 
gauge invariance of the effective action in abelian chiral gauge theories on 
the lattice. 

5.2 Gauge invariance of the lattice Chern-Simons term in 
abelian chiral gauge theories 

The gauge-invariant choice of the measure term implies the gauge-invariance 
of the lattice Chern-Simons term, Q^. In order to see this, let us consider the 
lattice Chern-Simons term, Q5, in an abelian gauge theory and examine its 
gauge transformation property under the infinitesimal gauge transformation, 

6Af,{x,t) = -df,Lo{x,t), (5.8) 



a;(x, t = — 00) = 0, u;{x, t = 00) = Lo{x). (5-9) 

Since rj is gauge invariant, the transformation of the five-dimensional bulk 
term of Q5 (See Eq. (|5.5[ )) can be evaluated through the transformation of 
the surface contribution in Eq. (|4.3|). Then is transformed as follows: 



Sc.27tQ^ [U^{x,t),U5{x,t) = 1] 

= -6uj / du Im Tr^. Pl —D ^ - M (in a" ^ uj{x)d*^j^{x) [uAf,] 

X 

= -i[ duy^u;{x){tij5{l-aD){x,x)-a^d*Jf,{x)}[uAf,]. (5.10) 

Here we have noted that 5i^D [uAp] = iu [uj, D]. 

As discussed in section |2.2| , for anomaly free abelian chiral theories, the 
anomalous term which is induced from the five-dimensional bulk term can 
be written in the form 

tr75 (1 - aD) {x, x) = a'^d*k^{x). (5.11) 

On the other hand, it is possible to choose the measure term so that it 
satisfies the anomalous conservation law of Eq. ( p.41| ), 

d;j^{x) = d;k,{x). (5.12) 
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Then these two terms cancels exactly and the lattice Chern-Simons term 
becomes gauge-invariant. 

As pointed out by Suzuki in the ansatz for the measure term 

Eq. ( 2.42| ) can be obtained from the following integral expression for the 
effective action: 

reff[A^] =^'dt ^TVPL^I)-i[a^]-za^^A^(:E)^^(x)M^]j . (5.13) 

Comparing Eq. (5.13) with Eq. ( |5.2| ), we find that the integration of the 
measure term can be given by the integration of the local current k^[x): 

j ^^fc) = ~ y Af,{x)kf,{x) [uA^] . (5.14) 

Then we obtain a compact expression for the lattice Chern-Simons term as 
follows: 

2vrQ5 [?7^(x,i)] = - lim lim / ImTr(j.) — L>5^(oc) — — 

as^OT^cxDJo ' dU i^5w(oo) - a 

-/ dua'^Y^A^,{x)~k^{x)[uA^,]. (5.15) 

For the non-abelian gauge theories, the gauge covariant local current 
such like k^{x) in the case of abelian chiral gauge theories is not obtained so 
far.0 Such a gauge covariant local current could correct the five-dimensional 
bulk term 

d 1 
lim lim / duImTr(r) — L>5„(^) — — (5.16) 

to give the lattice Chern-Simons term with desired properties. 



5.3 Integrability of rj 

In the classical continuum limit, the Chern-Simons term vanishes identically, 
when the condition for gauge anomaly cancellation is satisfied. Then the ef- 
fective action for chiral fermions can be given entirely by the ry-invariant. 

^^In the recent work by Liischer, it has been shown to all orders of an expansion in 
powers of the lattice spacing that the gauge covariant local current of the desired property 
exists. 
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Then one may ask whether this ideal situation would happen on the lattice 
with a finite lattice spacing, when the condition for gauge anomaly cancel- 
lation is satisfied, 

Imreff = vr7J if ^TY(^T"|^^^'=}) =0. (5.17) 

R 

For this, the five-dimensional bulk term should vanish identically, or should 
become integrable and depend only on the boundary values of the interpolat- 
ing five-dimensional gauge field. It does not seem to be the case in general, 
however, from the result in the previous subsection. We need further study 
on this point. It may be possible to realize this ideal case by deforming the 
five-dimensional Wilson-Dirac operator, which enters to the fermion action 
Eq. (p. ID, as suggested by Neuberger ||2^, 



6 Summary and Discussion 

In this paper, we considered a lattice implementation of the //-invariant, us- 
ing the complex phase of the determinant of the (simplified) domain-wall 
fermion, which couples to an interpolating five-dimensional gauge field. It 
is realizing the idea of Kaplan and Schmaltz explicitly on the lattice. The 
lattice ry-invariant is examined and is shown to have a direct relation to 
the imaginary part of the (gauge invariant) effective action for the chiral 
Ginsparg- Wilson fermion in the case using Neuberger's Dirac operator. Al- 
though the formula of the lattice r/-invariant seems to be practical, the issue 
of the integrability is remained. A lattice expression for the five-dimensional 
Chern-Simons term is obtained. It should also be examined how the global 



anomaly pc| ] fits in this implementation of the T/-invariant |41|. 

Our analysis shows clearly and explicitly that the interplay between the 
four-dimensional chiral fermion and the five-dimensional (massless) fermion, 
which is known in the continuum theory, can be realized on the lattice in 
the framework of the domain-wall fermion and the overlap formalism, where 
the Ginsparg- Wilson relation is built in. It is expected that other known 
relations over various dimensions could be also realized in the framework of 
lattice gauge theory. 

Quite recently, starting from the Ginsparg- Wilson relation, a general for- 
mula of the effective action for chiral Ginsparg- Wilson fermions is derived by 



Liischer [18| and its relation to the r/-invariant is suggested. It is conceivable 



that there is a close relation between this formula and the implementation 
of the //-invariant discussed in this paper. The relation should be clarified 
in detail. This issue is under investigation. 
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Appendix 

A Dirichlet boundary condition by surface inter- 
action 

In section in order to show that the surface term ^rj is localized at the 
boundary, we use the following identity which holds for s, t G [— T + 1, T]: 

(s, x; t, y) - — — (s, x; t, y) 



^5w(T) - ^5w(T+AT) - -t 

1 

-'-'5w(T+AT) - — 

(A.l) 



^5w(T) - — -'-'5w(T+AT) - — 



where 

V(„2-+a5;T) = {—PL^s-T^t-T+l—PR^s-T+l^t-T 

-PLSs,TSt,T+l - PRSs,T+lSt,T} ■ (A. 2) 

In this appendix, we give the derivation of this identity. 

For this purpose, let us introduce the five-dimensional Dirac fermion 
defined in the larger five dimensional space [— T — AT -|- a5,r -|- AT], but 
with the couplings between the lattice sites (— T, —T + a^) and between the 
lattice sites (T, T -|- 05) omitted. 

We denote the five-dimensional Dirac operator of this system by D'^(^j^^/^t) ■ 
Then the difference between D'^^t+at) P^5{t+at) is given by the surface 
interaction V(^_T+a5;T) of Eq. (^2|) (Eq. (|aJ)). 

-^5w(T+AT) = -f^5w{T+AT) " ^{-T+a5;r)- (A.3) 
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-T + as T 

Figure 6: Implementation of Dirichlet B.C. by surface interaction 



Then we have 
1 

r)V "to 

5w(T+AT) a 



mo J-) mo 
— ^5w(T+AT) - — 



-^5w(T+AT) 



V(_T+1;T) 



^5w(T+AT) - — 



(A.4) 



On the other hand, the field variables in the interval [—T + a5,T] does not 
have any coupling to those outside the region and they are nothing but the 
field variables described by D^^^n^y Then, we have 



-^5w(T+AT) 



mo 
a 



{s,x;t,y) 



n "to 
^5w(T) - — 



(A.5) 



for s,t e [-T + a5,r]. From these two relations, Eq. ( |4lC| ) (Eq. ( [01) ) 
follows immediately. In the limit AT ^ cxd, it reduces to Eq. (|3.25| ). 
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